Modelling ellipsoidal variables with known distances can lead to exact determination of the masses of both components, even in the absence of eclipses. We present such modelling using light and radial velocity curves of ellipsoidal red giant binaries in the LMC, where they are also known as sequence E stars. Stars were selected as likely eccentric systems on the basis of light curve shape alone. We have confirmed their eccentric nature and obtained system parameters using the Wilson-Devinney code.
INTRODUCTION
Long period variables (LPVs) occupy several sequences in the period-luminosity plane (Wood et al. 1999; Soszyński et al. 2004a; Ita et al. 2004; Fraser et al. 2005; Soszyński et al. 2007; Fraser et al. 2008) . Most of these sequences represent radially pulsating stars on the red giant branch (RGB) or asymptotic giant branch (AGB), with different sequences corresponding to different modes of pulsation. There are two exceptions. Sequence D, lying at the longest periods, is occupied by AGB stars showing two concurrent forms of variation; these stars are also known as Long Secondary Period Variables, or LSPVs (Wood et al. 1999; Hinkle et al. 2002; Wood et al. 2004; Nicholls et al. 2009; ). The other sequence lies close to sequence D and extends to the lowest luminosities. It was labelled by Wood et al. (1999) with the letter E and was shown to consist of red giant binaries. Soszyński et al. (2004b) identified the light variation as due to ellipsoidal variations, as ⋆ E-mail:
cnicholls@physics.ucsd.edu (CPN); wood@mso.anu.edu.au (PRW) alternate minima often have different depths. Sequence E stars exhibit regular light variations with periods between ∼ 50 and 1000 days and amplitudes 0.3 mag in the MA-CHO red band. They lie on both the RGB and the AGB.
Ellipsoidal variability is observed in close binaries, where the shape of a star is distorted by the gravitational influence of its companion. When the primary star evolves and begins to fill its Roche Lobe, it takes on an increasingly elongated, or 'ellipsoidal', shape. Rotation of the star's aspherical shape causes variation in the light curve, even in the absence of eclipses.
The hallmark of ellipsoidal variables is the relationship between the phased light and radial velocity curves. The radial velocity of the system is dominated by the orbital motion, but the light variability is mainly due to the change in apparent surface area of the distorted primary as it orbits its companion. Light maxima occur when the ellipsoidal star has one of its broad sides facing the observer and minima correspond to those times when the star is 'end-on' from the observer's point of view. This orientation-induced light variability of the ellipsoidal star means the system's light curve displays two maxima and minima every orbit; the phased light curve shows two cycles for every cycle of the phased velocity curve.
Stars on sequence E were first unambiguously demonstrated to be ellipsoidal variables by Nicholls et al. (2010) . In that paper we presented phased light and velocity curves of 11 sequence E binaries in the LMC, each showing doubling of the velocity period with respect to the light period (see figs. 1 and 2 of that paper). It is expected that the current red giant is the more massive star and the first to evolve, and that the less massive companion is normally on the main sequence (MS) and does not contribute significantly to the detected flux.
A subset of the sequence E ellipsoidal red giant binaries was suggested by Soszyński et al. (2004b) to have eccentric orbits, based on their unusual light curve shapes. Eccentric orbits in close binaries with evolved components are unexpected, as tidal theory predicts that orbits should quickly circularise once stars begin to evolve (Zahn 1977) . As an example, in Nicholls et al. (2010) we calculated the circularisation time for sequence E stars using the formula given in Soker (2000) . We found the typical circularisation time for sequence E binaries to be ∼ 3500 yr, much shorter than the lifetime of the ellipsoidal phase, which is ∼ 0.8 Myr (Nie et al. 2011) . Eccentric orbits in evolved close binaries are thought to imply the presence of some mechanism that can maintain or increase eccentricity, opposing the tidal forces.
A number of other evolved binaries are also known to have unexpectedly eccentric orbits. These include post-AGB binaries (van Winckel 2003) and Barium stars (Izzard et al. 2010) . It is unclear why significantly nonzero orbital eccentricity is present in any of these systems, but several mechanisms have been suggested. These include mass transfer at periastron (Soker 2000) and tidal interaction with a circumbinary disk (Artymowicz et al. 1991) .
The evolution of close binaries like ellipsoidal variables may end in a number of different ways, depending on the initial orbital separation and subsequent binary evolution. All observable ellipsoidal variables are partially filling their Roche Lobes. If the Roche Lobe is filled below the RGB tip, it is likely the binary will undergo a common envelope (CE) event and evolve slowly towards the white dwarf cooling track, as in this case the remnant star would be unable to heat up to and ionise the ejected stellar envelope before it disperses. If an ellipsoidal variable ends its evolution via the superwind at the AGB tip without filling its Roche Lobe, as single AGB stars do, it will produce a planetary nebula (PN) with a wide binary companion. Variables that fill their Roche Lobes somewhere on the AGB should undergo a CE event and become close binary PN. Further comment on the relationship of ellipsoidal variables to binary PN and asymmetric PN can be found in .
In this paper we analyse a sample of LMC sequence E binaries which display light curve shapes that Soszyński et al. (2004b) linked with eccentric orbits. We aim to confirm their eccentric nature and describe the components of each binary and their orbits, including estimates of absolute masses as is possible for ellipsoidal variables with known distances (e.g. Wilson et al. 2009 ). The results provide input for future studies on the likelihood or otherwise of proposed mechanisms for maintaining eccentricity. We use radial velocity curves obtained from observations taken with the ANU 2.3 m telescope at Siding Spring Observatory (SSO) and OGLE II light curves. Modelling of the light and velocity curves is done with the 2010 version of the WilsonDevinney code (Wilson & Devinney 1971) .
OBSERVATIONS AND DATA REDUCTION
We selected a sample of seven sequence E stars with I-band magnitude brighter than 16 and light curves indicative of eccentric orbits from the OGLE II database. Table 1 gives the OGLE identification and mean V and I magnitudes of each star. The stars were monitored using the Double Beam Spectrogaph (DBS, Rodgers et al. 1988) at the ANU 2.3 m telescope at SSO from May 2006 to April 2008, with the aim of obtaining radial velocities.
Our study used only the red arm of the DBS with a grating of 1200 lines/mm, a two-pixel resolution of 0.96Å and a grating angle of 32
• 4 ′ , giving a wavelength range of approximately 8000 -9000Å. This gave spectra centred on the Ca triplet, ideal for cross-correlation and the calculation of radial velocities. A Neon-Argon arc and an internal flat were taken after each exposure for calibration and to eliminate strong fringing on the CCDs. The spectra were taken over 15 runs throughout the monitoring period with 34 nights total observing.
Data reduction was done in iraf. The spectra had the overscan bias subtracted and the overscan region removed from the images, and then the object and arc spectra were flatfielded and the spectra extracted using the apextract package. The arcs were used to wavelength calibrate the object spectra, obvious cosmic rays were removed, and stars with multiple spectra taken on a single night were added using scombine. Each star has between 13 and 17 spectra spread over the monitoring period.
Radial velocities were calculated using iraf's crosscorrelation task, fxcor. A single spectrum with high signal to noise and narrow lines was selected from each star's collection to act as a template for that star's cross-correlation. Absolute radial velocities were provided by cross-correlation of the template with the radial velocity standard star α Cet, whose spectrum was taken on 11th November 2006 with the above observing configuration. Cross-correlation was done in the wavelength region 8370 -8920Å, which was mostly free of telluric lines and included the Ca triplet. Spectra were then cross-correlated to a telluric spectrum in the region 8120 -8370Å (covering the bulk of the telluric lines) to check for zero point offsets in the reduction procedure. No zero point errors were found.
The OGLE I-band light curves and our new velocity curves of all 7 stars in the sample can be seen in Figs. 1 -7 . The mean value of Heliocentric Julian Date (HJD) for each night's observations and the calculated radial velocities are given in Table 2 . Typical velocity errors are of the order of 2.5 km s −1 and are represented by the error bars in Figs. 1 -7. (Wilson et al. 2009 ). From a conceptual perspective, the basic method is as follows. If the distance, observed magnitude and extinction are known, the absolute luminosity of an ellipsoidal variable can be derived. If the temperature is also known (e.g. from spectra or colour), the stellar radius can be calculated. If the orbital inclination of an ellipsoidal variable is known or can be constrained, then the amplitude of the light variation measures what fraction of its Roche Lobe the ellipsoidal star fills. The previously calculated radius therefore gives the size of the Roche Lobe, R lobe . The radial velocity curve provides the semimajor axis of the red giant's orbit, a1, so a solution for mass ratio q is possible, since q is a function of R lobe /a1. So for an assumed i, the absolute masses of stars are produced. Therefore we need step only the inclination in our solutions to find the best fit to the light and velocity curves.
Our analysis of ellipsoidal red giant binaries with undetectable companions and known distances has been preceded by analysis of a similar binary by Wilson et al. (2009) , who also pioneered the method described above and conveniently added this capability to the 2010 version of the WD code. The reader is referred to that paper for a more in-depth explanation of absolute light and velocity analysis of ellipsoidal variables.
Modelling the Light and Velocity Curves
To describe our ellipsoidal variables and obtain their orbital parameters, we used the 2010 version of the WD code (Wilson & Devinney 1971; Wilson 2008; Wilson et al. 2009 ). Preliminary fits to the velocity curves were made with a Fortran program, Fitall, to obtain starting estimates of input parameters for the WD modelling. This allowed us to fix the system velocity vγ , and gave starting estimates for the semimajor axis a, angle of periastron ω, eccentricity e, and mass ratio q. Some of these initial parameters are shown in Table 3 .
The luminosity of each star was calculated using its median OGLE V − I colour, a bolometric correction to I calculated from the Houdashelt et al. (2000) models for K and M giants, the LMC distance modulus 18.54 and reddening E(B − V ) = 0.08 (Keller & Wood 2006) , and V and I extinction calculated using the Cardelli et al. (1989) equations. Effective temperatures T eff were calculated from a fit to the (T eff , V −I) data of Houdashelt et al. (2000) , and stellar radii were calculated from luminosity and T eff using the Stefan-Boltzmann law. The temperature of the ellipsoidal red giant T eff 1 , an input for both the lc and dc programs of the WD code, was fixed from these calculations. The WD code uses bolometric corrections and bandpass fluxes computed from Kurucz (1993) model atmospheres. After fitting the observed curves, and using the known distance, the code calculates the stellar luminosity. This agreed well with the value computed with the Houdashelt et al. (2000) bolometric corrections, showing consistency of the model atmospheres.
A metallicity of [M/H] = −0.3 was used for these LMC stars. Zero point flux calibrations for the Ic band (OGLE light curve) and the Johnson I band (the best match to the wavelengths of the observed spectra from which velocity curves were calculated) were taken from Bessell (1979) and Johnson (1966) , respectively. All stars were assumed to have their rotation velocities periastron-synchronised and the rotation parameters F1 and F2 were calculated accordingly. The invisible companion star to each ellipsoidal red giant was initially assumed to be a sunlike MS star with T eff 2 = 6000 K, and the surface potentials were set so that the companions made no contribution to the modelled light curves. The parameters of the companion were later adjusted as described below for each case. The potentials of the red giants were set during initial explorations with the lc program so the modelled luminosities and radii matched the independently calculated values.
Solutions for all stars were performed in mode 2, for detached binaries. We used simple reflection treatment with no spots, and no proximity effects. Limb darkening was done via the square root law with coefficients calculated locally from the van Hamme (1993) tables. The stellar atmosphere formulation was used for local flux emission calculations instead of the less accurate blackbody formulation. The gravity darkening exponents were set to 0.3 for each red giant and 1.0 for each MS companion, as appropriate for convective and radiative envelopes, respectively. Bolometric albedos were set to 0.5 for each red giant and 1.0 for each companion, again as expected for convective and radiative envelopes. Symmetric derivatives were used in all solutions to improve convergence.
The inclination was stepped down from 90
• , in 10
• increments, producing a one-dimensional family of solutions for each system. Stepping of i stopped when either q exceeded unity or the solution was deemed too poor. We al- Table 3 . Initial parameters for our eccentric sequence E sample. Stars are identified by their OGLE RA. lowed dc to iterate on a, e, ω, primary star potential Ω1, and q. The sum of squares of residuals of the light curve was noted for each solution, as a means of quantitatively determining the best solution. The velocity curve residuals were also examined but were found to not provide useful additional constraints on orbital inclination, as they varied randomly or without minima. In contrast to the light curves, the velocity curves have fewer features and are less well sampled. Any change in velocity amplitude due to inclination can be compensated for in the models by changing the stellar masses, so we did not include velocity residuals in our estimation of the best solution. In general, solutions converged (so that corrections ≪ errors) in 6 to 8 iterations.
The phase of the modelled light and velocity curves was calculated by lc, using the input phase zero point, HJD0. The convention in binary analysis is for superior conjunction to occur at or near phase zero. To find HJD0 for each star we noted the light curve shape at the phase of superior conjunction according to the velocity curve, then visually inspected the light curve plotted against Julian Date to find the HJD of superior conjunction, choosing the earliest value in the data. The final value of HJD0 was obtained through tweaking of the phased plots to find a good match between the theoretical and observed curves. We calculated the phasing of the observed curves using the same value of HJD0 as for the theoretical curves. The values of HJD0 for each star are shown in Table 3 .
Individual star solutions

OGLE052013.51
The observed light and velocity curves are shown in Fig. 1 . The light curve has unequal maxima and minima, with one of the maxima very sharp. At superior conjunction (when the red giant is behind its companion from an observer's point of view), the corresponding minimum of the light curve is deeper, meaning the red giant is dimmer on the end closest its companion. As explained in Nicholls et al. (2010) , this is likely due to gravity darkening.
The angle of periastron is ∼ 160
• , meaning periastron occurs between superior conjunction and the following maximum, at a phase of ∼ 0.2. This and the high orbital eccentricity (∼ 0.4) explains why the brighter maximum is so sharp: in a highly eccentric orbit, a star moves very fast at periastron and so that part of the light curve spans a shorter time interval. This however cannot explain why the star is brighter there than at its other maximum. A hypothesis to explain this brightening is presented in Section 4.2. The results of our modelling for various i values are shown in Table 4 , where Σr 2 (I) denotes the sum of squares of residuals of the I-band light curve from the modelled curve. The errors shown are the standard errors calculated by dc for each adjusted parameter. Semimajor axis, e, ω, Ω1 and q all increase significantly with decreasing i. The mass ratio exceeded unity at i = 40
• so solutions were not made at lower inclinations.
According to the sum of squares of residuals of the light curve, the best solution for a compact secondary is at i = 60
• . This solution was further refined by obtaining more accurate estimates of the MS companion's properties. At i = 60
• , the red giant has a mass of 1.4 M⊙, and a radius of 66.3 R⊙. From the colour temperature of 4220 K, we calculate the luminosity as 1252 L⊙. Using the evolutionary track data of Girardi et al. (2000) , a red giant of this mass and luminosity and of LMC metallicity should have an age of ∼ 3×10 9 y and be on the RGB. At the same age, the 1.1 M⊙ MS companion should have L = 2.4 L⊙, T eff = 6490 K, and R = 1.2 R⊙. We re-solved the system at i = 60
• with T eff 2 increased to 6490 K and the companion's surface potential, Ω2, altered so R2 = 1.2 R⊙. This more accurate solution is shown in the last row of Table 4 and in Fig. 1 . Increasing the accuracy of the companion parameters caused no significant changes in the solution.
OGLE052438.40
From Fig. 2 it is clear that this variable displays equal maxima and unequal minima. However, the most notable property of this star's light curve is that the deeper minimum occurs at a different place with respect to the velocity curve than expected. Instead of being dimmer towards the companion as gravity darkening dictates, the red giant is dimmer at its other light minimum (inferior conjunction, or when the 'outer end' of the red giant is towards us). An explanation for this is proposed in Section 4.2
The angle of periastron is ∼ 268
• , so periastron occurs about the same time as inferior conjunction, or at a phase of ∼ 0.5.
The results of our modelling with different i values can be found in Table 5 . For most solutions, a, e and ω are not significantly different. However Ω1 and q change significantly with inclination.
According to the sum of squares of residuals of the light curve, the best solution is at 90
• . However using the Girardi et al. (2000) evolutionary tracks as above to find the temperature and radius of the MS companion resulted in eclipses in the light curve at both 90
• and 80
• inclinations. The eclipses disappeared at i = 70
• , where the red giant has a mass of 5.8 M⊙, and a radius of 131 R⊙. From the temperature of 4240 K, we calculate the luminosity as 4979 L⊙. A red giant of this mass and luminosity and at LMC metallicity should have an age of ∼ 7 × 10 7 y, and lie on the RGB. At the same age, the 5 M⊙ MS companion should have L = 881 L⊙, T = 16710 K, and R = 3.5 R⊙. We re-solved the system at i = 70
• with T eff 2 increased to 16710 K and Ω2 altered so R2 = 3.5 R⊙. This solution is shown in the second last row of Table 5 and in Fig. 2 . The only significant change in parameters for an accurately sized secondary is a slightly higher ω.
Both the stars in this system are of higher mass than the general LMC intermediate mass population. In particular, this system has the highest mass ratio of our sample, and the secondary has the highest mass, temperature, and luminosity and the greatest radius of the modelled companions. Therefore OGLE052438.40 is the system most likely to show a contribution of the MS companion to the overall flux. Using the derived luminosities, the secondary contributes 0.07 mag. to the flux at V and 0.02 mag. to the flux at I, meaning the red giant's V − I colour should reduce by 0.05, corresponding to a ∼ 50 K drop in the red giant's estimated temperature. To check whether this made a significant change to the modelled solution, we re-solved the system at the best inclination (70 • ), with T eff 1 reduced to 4190 K and the initial value of Ω1 altered so R1 was increased to 134 R⊙ (to account for the radius increase factor of 1.024 associated with the temperature change). This refined solution is shown in the last row of Table 5 . The most notable differences are in the semimajor axis and the masses, all of which have increased significantly. However there was no discernible change in the shape of the modelled light curve. The contribution of the secondary to the system light and orbital solutions was insignificant in all other systems studied here.
OGLE052812.41
The observed light and velocity curves of this star are depicted in Fig. 3 . Its light curve has unequal maxima and minima, and again the deeper minimum of the light curve occurs at inferior conjunction, instead of at superior conjunction as expected for an ellipsoidal variable.
The angle of periastron of the red giant is ∼ 215
• , which means periastron occurs just after the brighter maximum of the light curve, before inferior conjunction, at a phase of ∼ 0.35. Again, proximity of the narrower maximum to periastron is explained by the eccentricity of the orbit. The solutions for different inclinations are shown in Table 6. For most i, a and e do not differ significantly. Angle of periastron and Ω1 vary slighty with i while q varies more significantly. Mass ratio exceeded unity at i = 50
• . The best solution for a small secondary star is at 90
• , according to the sum of squares of residuals of the light curve. This solution was refined further by obtaining more accurate estimates of the MS companion's properties. At i = 90
• , the red giant has a mass of 1.4 M⊙, and a radius of 55.7 R⊙. With a temperature of 4060 K, the luminosity is 756 L⊙. Using the data of Girardi et al. (2000) , a red giant of this mass and luminosity at LMC metallicity should have an age of ∼ 3 × 10 9 y, and lie on the RGB. At the same age, the 0.9 M⊙ MS companion should have L = 0.7 L⊙, T = 5790 K, and R = 0.8 R⊙. We further refined our best solution (i = 90
• ) with T eff 2 decreased to 5790 K and Ω2 altered so R2 = 0.8 R⊙. This solution is shown in the last row of Table 6 and in Fig. 3 , and is almost unchanged from the original solution with i = 90
• . The observed light and radial velocity curves are shown in Fig. 4 . The light curve shows unequal maxima and minima of almost equal depths. The angle of periastron is ∼ 188
• , so periastron occurs almost concurrently with the brighter light maximum, at a phase of ∼ 0.27. The narrower maximum is again due to the star moving quickly at periastron during this part of its orbit.
The results are shown in Table 7 . Semimajor axis, e, ω, and Ω1 vary slowly with i, while q changes rapidly with i, particularly at low inclinations, and exceeds unity at i = 40
• .
According to the sum of the squares of residuals of the light curve, the best solution is at i = 50
• . This solution was further refined by obtaining more accurate estimates of the MS companion's properties. At i = 50
• , the red giant has a mass of 4.3 M⊙, and a radius of 176 R⊙. From the colour temperature of 3720 K, we calculate the luminosity as 5325 L⊙. A red giant of this mass and luminosity and at LMC metallicity should have an age of ∼ 1.5 × 10 8 y and be on the AGB. At the same age, the 3.4 M⊙ MS companion should have L = 242 L⊙, T = 13430 K, and R = 2.88 R⊙. We re-solved this solution with T eff 2 increased to 13430 K and Ω2 altered so R2 = 2.88 R⊙. This solution is shown in the last row of Table 7 and in Fig. 4. 
OGLE053033.55
The observed light and velocity curves are depicted in Fig. 5 . This star also shows unequal maxima and minima, with the deeper minimum of the light curve at inferior conjunction.
The angle of periastron is ∼ 290 • , with periastron occuring between inferior conjunction and the following light maximum, at a phase of ∼ 0.55.
The solutions for all modelled inclinations and a compact secondary are shown in Table 8 . Semimajor axis, e, ω, Ω1 and q all vary significantly with i. The mass ratio exceeded unity at i = 30
• , and we did not make solutions at lower inclinations.
According to the sum of squares of residuals of the light curve, the best solution is at 60
• . We further refined this solution by obtaining more accurate estimates of the MS companion's properties. At i = 60
• , the red giant has a mass of 5.8 M⊙, and a radius of 123 R⊙. The colour temperature of 4180 K gives a luminosity of 4147 L⊙. Using the data of Girardi et al. (2000) , a red giant of this mass and luminosity and at LMC metallicity should have an age of ∼ 7×10
7 y, and lie on the RGB. At the same age, the 3.2 M⊙ MS companion should have L = 99 L⊙, T = 13310 K, and R = 1.9 R⊙. We re-solved at i = 60 • with T eff 2 increased to 13310 K and Ω2 altered so R2 = 1.9 R⊙. This solution is shown in the last row of Table 8 and in Fig. 5 . The masses in this system are again higher than the typical LMC field population.
OGLE053124.49
The observed light and velocity curves are shown in Fig. 6 , from which it is clear that this star also shows unequal maxima and minima in its light curve. At superior conjunction, the relevant minimum of the light curve is deeper, i.e. the star is dimmer on the end nearest the companion, as expected due to gravity darkening.
The angle of periastron is ∼ 176 • , so periastron occurs around the same time as the brighter maximum, at a phase of ∼ 0.24. Again the narrow maximum can be attributed to the star moving fast at periastron in a highly eccentric orbit, but this does not explain why this maximum is brighter than the other.
The results of the WD modelling are shown in Table 9 . Semimajor axis, e, and ω all vary slightly with decreasing i, while Ω1 and q vary more significantly with i. The best solution with a compact secondary is at 90
• , according to the sum of squares of residuals of the light curve. However using the Girardi et al. (2000) evolutionary tracks as above to find the temperature and radius of the MS companion resulted in eclipses of the light curve at 90
• . The eclipses disappeared at i = 70
• , where the red giant has a mass of 2.0 M⊙, and a radius of 92 R⊙. From the colour temperature of 3880 K, the luminosity is 1722 L⊙. From Girardi et al. (2000), a red giant of this mass and lu- minosity and at LMC metallicity has an age of ∼ 1.3 × 10 9 y, and is an AGB star around the time of its first thermal pulse. At the same age, the 1 M⊙ MS companion should have L = 1.19 L⊙, T = 6120 K, and R = 0.97 R⊙. We re-ran the code at i = 70
• with T eff 2 increased to 6120 K and Ω2 altered so R2 = 0.97 R⊙. This solution is shown in the last row of Table 9 and in Fig. 6 . The observed light and velocity curves are shown in Fig. 7 . This star has a light curve with unequal maxima and minima, and again its deeper light minimum occurs at inferior conjunction.
The angle of periastron is ∼ 280
• , so periastron occurs between inferior conjunction and the subsequent light maximum, at a phase of ∼ 0.53. In this case, periastron has squeezed the deeper minimum in phase, rather than one of the maxima.
The solutions are shown in Table 10 . Semimajor axis, e, and ω all vary slowly with i. Primary potential and q vary significantly with i. The stepping down of i for successive solutions was halted before q exceeded unity, as at i = 40
• dc was unable to fit the full amplitude of the light curve.
According to the sum of squares of residuals of the light curve, the best solution is at i = 80
• . However using a more accurate temperature and radius for the MS companion results in eclipses at 80
• and 70
• , due to the increased radius of the MS star. The eclipses disappeared at i = 60
• , where the red giant has a mass of 4.8 M⊙, and a radius of 125 R⊙. With a colour temperature of 3880 K, the red giant's luminosity is 3179 L⊙. Using the data of Girardi et al. (2000) , a red giant of this mass and luminosity and LMC metallicity should have an age of ∼ 1.05 × 10 8 y, and be at or near the RGB tip. At the same age, the 2.1 M⊙ MS companion should have L = 35 L⊙, T = 10590 K, and R = 1.76 R⊙. We further refined our best solution (i = 60
• ) with T eff 2 increased to 10590 K and Ω2 altered so R2 = 1.76 R⊙. This solution is shown in the last row of Table 10 and in Fig. 7 . This star also has higher mass than expected for the general LMC field population.
DISCUSSION
All the stars in our sample clearly show the doubling of the light curve with respect to the velocity curve that is the hallmark of ellipsoidal variation. All the light curves display minima of unequal depths, another common property of ellipsoidal variables. In variables with circular orbits, the deeper minimum is caused by gravity darkening on the inner end of the ellipsoidal red giant. In that case the deeper minimum should be found at superior conjunction, however for most of our eccentric sample the opposite is true.
The majority of stars in our sample also show maxima of unequal heights in their light curves, a phenomenon that was not seen in ellipsoidal variables with small or zero eccentricity (Nicholls et al. 2010) . A possible explanation for the unequal maxima and the unexpected placement of the deeper minimum in eccentric ellipsoidal variables is presented in Section 4.2. Many stars in our sample are more massive and more luminous than the average LMC red giant. According to the evolutionary tracks of Girardi et al. (2000) , two are AGB stars. This is likely to be mostly due to a luminosity selection effect, as we selected the brightest eccentric candidates from the OGLE database to obtain targets suitable for our observing facilities. Selecting variables with high eccentricity is also likely to mean longer average orbital periods and hence higher luminosities, since Soszyński et al. (2004b) noted that the eccentric ellipsoidal variables in their sample generally had longer periods than the low-eccentricity variables. We note that it is unclear why higher eccentricity and longer periods should be linked in the case of ellipsoidal variables, since tidal circularisation time depends not on orbital separation (i.e. period) but very sensitively on fractional lobe filling (a/R). Fig. 8 shows sequence E variables in the OGLE II 2, 14) , where the more massive members of our sample lie. These may be useful for future studies of intermediate mass stars on the early AGB.
The inclinations of our sample are between 50
• and 90 • , with a mean inclination of 66
• . A bias towards high inclinations is expected for ellipsoidal variation, which should not be detectable at very low inclinations, although ellipsoids with a large fractional lobe filling may be visible as low-amplitude variables at inclinations as low as 30
• . It is interesting to note that although ellipsoidal variation would certainly be visible in edge-on orbits, in our sample of variables without eclipses, inclinations this high are unlikely unless the companion is particularly small. However in many of our systems, both components are intermediate mass stars (M 1.85 M⊙) , meaning that the radius ratio of red giant to main sequence star is not very large (as it is for low mass stars, M 1.85 M⊙). In this situation, the companions will cause easily detected eclipses, so by selecting non-eclipsing variables we have unwittingly selected fewer edge-on orbits.
In a more representative sample of non-eclipsing ellipsoidal variables with lower average mass (closer to the LMC average), and with relatively smaller companion radii that do not cause observable eclipses even in edge-on orbits, we suspect the mean orbital inclination would be higher.
We have confirmed the hypothesis of Soszyński et al. (2004b) , that ellipsoidal light curves with strange shapes represent eccentric orbits. The eccentricities of all stars in our sample are significantly nonzero and generally high, ranging from 0.14 to 0.42. The mean eccentricity of the sample is 0.28. Fig. 9 shows the location of these eccentric ellipsoidal variables in the (e, log P ) plane compared to other evolved binaries. At short periods, eccentricities are lower as expected from tidal theory. This graph is a vivid demonstration of the surprisingly high eccentricities found amongst many evolved binaries. According to Izzard et al. (2010) , population synthesis studies of Ba stars predict all orbits < 4000 days should be circular, a result that is at complete odds with observations. The diverse range of periods, masses and evolutionary states of binaries that seem to have somehow escaped the circularising effect of tidal forces serves to reinforce the need for an understanding of the mechanism that maintains or increases eccentricity.
The full velocity amplitudes of our sample lie between 25 and 56 km s −1 , with a mean of 35.8 km s −1 . Fig. 10 shows that the current sample of ellipsoidal variables with high eccentricities falls within the velocity amplitude distribution of the ellipsoidal variables with mostly circular orbits presented in Nicholls et al. (2010) . However the eccentric variables generally lie at longer periods. Also shown in Fig. 10 are a sample of LSPVs from Nicholls et al. (2009) , once again demonstrating the marked difference between stars with Long Secondary Periods and ellipsoidal variables.
Two individual stars are worthy of comment. OGLE052850.12 is the brightest and coolest star in our sample, with the largest light amplitude, meaning it is nearly filling its Roche Lobe. It is of relatively high mass (∼ 4.2 M⊙) but not the highest in our sample. According to the evolutionary tracks of Girardi et al. (2000) it is an AGB star, which explains the obvious pulsations in its light curve. There is a very real possibility that this object will fill its Roche Lobe before it reaches the AGB tip and become a Figure 9 . Eccentricity vs. period for the current sample of eccentric ellipsoidal variables (red triangles); the low-e ellipsoidal sample of Nicholls et al. (2010) (blue circles); post-AGB stars from Waters et al. (1993); Van Winckel et al. (1995 , 1998 ; Pollard & Cottrell (1995); and Gonzalez & Wallerstein (1996) (green pluses); and M giant binaries from Famaey et al. (2009) (black crosses).
PN, possibly of asymmetric shape, with a close binary central star. OGLE053124.49 is the most evolved star in our sample, and according to the evolutionary tracks is an AGB star near the time of its first thermal pulse. It has one of the smallest light amplitudes in our sample, suggesting a low fractional lobe filling (as its inclination is similar to that of OGLE052850.12). Given its advanced evolutionary state and low fractional lobe filling, it is possible that this star may not fill its Roche Lobe before it reaches the AGB tip and may lose its envelope via the superwind as single AGB stars do, leaving a remnant PN with a wide binary companion.
Pulsation of the Ellipsoidal Red Giant
The two AGB stars in our sample show brief intervals of pulsation in their light curves. OGLE052850.12 has two separate pulsation episodes at a phase near 0.1 when the pulsation period is 29.5 days, and a phase near 0.8 when the pulsation period is 26.4 days. These periods were determined using the task pdm in iraf. OGLE053124.49 shows evidence for pulsation at one interval near phase 0.3 when the period is 19.0 days.
Because L, T eff and M have all been reliably determined for these red giants, they provide a unique opportunity to find the modes of oscillation involved, assuming these modes are radial. As mentioned above, OGLE052850.12 is a star on the early AGB with essentially all its luminosity coming from the helium burning shell Bertelli et al. (2009) . It is currently undergoing second dredge-up. Similarly, the evolutionary tracks of Bertelli et al. (2008) confirm that the 1.97 M⊙ star OGLE053124.49 does not develop a degenerate core on the first ascent of the giant branch and only reaches the observed luminosity of 1722 L⊙ when in the thermally pulsing AGB stage. The linear pulsation code described in Fox & Wood (1982) with updated opacities was used to calculate the periods of the first four modes of radial pulsation in these stars, and they are given in Table 11 . It is clear that OGLE052850.12 is pulsating in the second overtone while OGLE053124.49 could be pulsating in the first or second overtone.
The two stars are shown in the K-log P diagram in Fig. 11 along with the population of variable red giants in the LMC from Fraser et al. (2008) . In this figure, sequence C corresponds to the fundamental mode of radial pulsation and sequences C ′ , B and A correspond to successively higher order modes (Wood et al. 1999) . Pulsation models predict unambiguously that sequence C ′ is the first overtone but sequences B and A may be the third and fifth overtone, respectively, rather than the second and third overtone (Wood & Arnett 2011) . In any case, one would expect OGLE052850.12 and OGLE053124.49 to lie between sequences C and C ′ since these two stars pulsate in the second overtone, or possibly the first overtone in the case of OGLE053124.49. They clearly do not lie in this position. In fact, their periods indicate that if they are similar to typical LMC red giants, they should be pulsating in high overtones.
The reason for such short periods in these stars is that their masses are larger than the typical field stars in the LMC which make up the bulk of the stars in Fig. 11 . For overtone periods, the period varies to good approximation as P ∝ R 1.5 M −0.5 (e.g. Fox & Wood 1982) . If this is combined with the variation of T eff with mass given by equation 6 in Wood (1990) and the definition of effective temperature L = 4πσR 2 T 4 eff , we find that P ∝ M −1.01 . Assuming the LMC field population has a mean mass of 1.5 M⊙ (e.g. Bertelli et al. 1992) , the 29 day second overtone pulsation of the 4.21 M⊙ star OGLE052850.12 would become Table 11 . Periods of the first four radial pulsation modes for stars with evidence of pulsation. an 82.2 day (log P = 1.91) overtone pulsation in a 1.5 M⊙ LMC field star. This period lies between sequences C ′ and B and would correspond to the second overtone, according to Wood & Arnett (2011) . Thus for this star, the large mass can explain the position in the K-log P diagram relative to other LMC red giants.
For OGLE053124.49, the mass of 1.97 M⊙ and the arguments above would only move the star onto sequence A if it were a 1.5 M⊙ field star, corresponding to the third to fifth overtone. To shift to the first or second overtone would require the LMC field population at the luminosity of OGLE053124.49 to have a mass of ∼ 1 M⊙. This suggests that as the luminosity increases along each of the periodluminosity sequences in Fig. 11 , the mass increases. This is consistent with theoretical models which show that higher mass tends to stabilise red giant pulsation and hence higher luminosities are required to make higher mass red giants unstable. It is also consistent with studies which show that Mira variables of longer periods have higher masses (e.g. Feast 1963; Wood & Sebo 1996) .
The K-log P relations for LMC red giants by Soszyński et al. (2007) show a weak sequence of stars on the short period side of sequence A, just where OGLE052850.12 and OGLE053124.49 lie. Our results show that this sequence could be made up of intermediate mass stars that do not ascend the RGB. These stars would be pulsating in the first or second overtone rather than in an overtone higher than that corresponding to sequence A.
Increased Distortion in High Eccentricity Orbits
It has been noted above that many of the eccentric ellipsoidal variables in our sample show unequal maxima as well as unequal minima in their light curves. As Nicholls et al. (2010) showed, in normal circumstances the deeper minimum is caused by gravity darkening of the red giant on the side nearest its companion and should therefore occur at superior conjunction. In this regime there is also no reason why the light maxima should be unequal. From a glance at the phased light and velocity curves of the current sample, it is clear that for many stars, the deeper light minimum occurs at inferior, not superior, conjunction. This suggests that when the 'outer end' of the ellipsoidal red giant is facing us, the star appears dimmer due to some effect outweighing the gravity darkening of the 'inner end'.
A related phenomenon occurs with maxima. For 6 of the 7 stars, one of the light maxima is narrower and brighter than the other. The narrowness of this maximum -its shorter span in time -can be explained by its proximity to periastron and the eccentricity of the orbit. At periastron in a highly eccentric orbit, the star moves significantly faster than at apastron, so that part of the light curve appears 'squashed' in phase. But what causes a maximum to Figure 11 . The position of OGLE052850.12 and OGLE053124.49 in the K-log P diagram for variable red giant stars in the LMC, using data from Fraser et al. (2008) . The sequences are labelled according to the scheme of Ita et al. (2004) .
be brighter as well as narrower when it lies close to periastron?
The results of our modelling show that the deeper light minimum and the brighter maximum are always close to periastron. Given the high eccentricity of these orbits, here we suggest that the cause of these unequal maxima and minima, and the effect that can outweigh gravity darkening of the inner end of the ellipsoid, is increased distortion of the red giant at periastron.
Due to small periastron separations resulting from highly eccentric orbits, at periastron the greater influence of the companion causes the red giant to become more distorted, its ellipsoidal shape more pronounced. As the major axis of the ellipsoid lengthens and the minor axes contract, the apparent surface area of the ellipsoid seen 'sideon' increases, and its apparent surface area seen 'end-on' decreases. Since the light maxima of ellipsoidal variables correspond to observing the star side-on, the increased apparent surface area means higher observed flux, so the maximum closest to periastron is brighter. Similarly, light minima are seen when the ellipsoid is end-on, and a decreased apparent surface area means lower observed flux, so the minimum nearest periastron is dimmer than the alternate minimum.
This distortion effect would naturally become more pro-nounced with eccentricity, and be less apparent for low eccentricity orbits and non-existent for circular orbits. It would also depend on the fractional lobe filling of the red giant, and where in the orbit periastron occurs, i.e. the angle of periastron. For example greater fractional lobe filling could produce high distortion in an only moderately eccentric system, and higher distortion could also be observed if periastron was coincident with a light maximum or minimum. This complex dependency is hinted at in the light curves of OGLE052013.51 and OGLE052850.12 (Figs. 1 and 4 respectively). Although OGLE052850.12 has a lower eccentricity than OGLE052013.51, their light curves show a similar magnitude difference between the brighter and dimmer maxima, due to the fact that OGLE052850.12 has a greater fractional lobe filling. Further, although OGLE052438.40 has the lowest eccentricity of the current sample, periastron is almost coincident with the inferior conjunction light minimum, causing the distortion effect to result in a deeper minimum at inferior conjunction than at superior. However, for the nearly circular orbits of the ellipsoidal variables in the Nicholls et al. (2010) sample, the maxima are equal and the deeper minimum is purely due to gravity darkening and is found, as expected, at superior conjunction. We used the WD code to quantitatively evaluate our hypothesis that the unequal maxima and asymmetric shapes of these light curves are caused by apparent surface area variations resulting from increased distortion at periastron. Using each star's calculated final solution parameters and running lc in image mode allowed us to obtain the apparent surface area at each calculated orbital phase point. In the absence of any variation of T eff or limb darkening, we would expect the apparent surface area variation to closely mimic the light curve. As expected, the apparent surface area variation was generally remarkably similar to the light variation, with only slight differences in phase and amplitude. We assume these differences are due to the differing contribution of limb darkening as the star rotates throughout its orbit. Therefore it seems that increased distortion at periastron is indeed responsible for the variety of asymmetric light curve shapes observed in eccentric ellipsoidal variables.
Maintaining Eccentricity in Evolved Close Binaries
The high eccentricities of our current sample serve to reiterate the fact that current tidal theory cannot accurately explain orbital evolution. The tidal circularisation time for our close red giant binaries is orders of magnitude smaller than the average lifetime of the ellipsoidal phase, yet eccentric orbits are not uncommon. This suggests that orbital eccentricity is maintained or increased in evolved binaries by some unknown mechanism.
As we noted in Section 1, two of the proposed mechanisms are mass transfer at periastron (Soker 2000) and interaction with a circumbinary disk (Artymowicz et al. 1991 ).
Both of these may be tested observationally by searching for the signatures of circumstellar matter or accretion. We showed in Nicholls et al. (2010) that sequence E binaries show no evidence of a mid-infrared excess that would indicate enhanced circumstellar or circumbinary dust. Thus, there is no observed evidence for mass loss or disks in these binary systems. However, mass transfer between the components cannot be ruled out.
By modelling eccentric ellipsoidal red giant binaries, we have determined complete orbital solutions for these poorly understood stars. Our results can serve as input for future hydrodynamic modelling to determine how eccentricity is maintained in these stars, and in other evolved eccentric binaries, possibly by mass transfer.
CONCLUSIONS
We have confirmed that ellipsoidal red giant binaries with unusual light curve shapes are in eccentric orbits, and we have used the Wilson-Devinney code to model the orbits and obtain orbital and stellar parameters, including masses of the stars. We find ellipsoidal variables that do not display eclipses are generally at high orbital inclinations, although edge-on orbits amongst intermediate-mass non-eclipsing ellipsoidal variables are rare. Unlike their counterparts in circular orbits, eccentric ellipsoidal variables generally have unequal maxima as well as minima in their light curves, often with one maximum spanning a significantly narrower phase and the deeper minimum occurring at inferior conjunction, instead of at superior conjunction as gravity darkening would dictate. We inferred that these phenomena are due to greater distortion of the ellipsoidal red giant at periastron due to the high eccentricities, a hypothesis that is supported by the modelled apparent surface area. By determining the properties of eccentric sequence E stars we have laid the groundwork for future hydrodynamic modelling to determine how the eccentricity is maintained in these stars. Finally, we showed that the pulsation found in two of the red giants corresponds to the first or second overtone. In the K-log P diagram for pulsating red giants, these stars have periods shorter than sequence A because their masses are higher than those of the typical LMC field population.
